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SUMMAET 


The method of calculating shear— lag effects in axially loaded panels 
hy means of the previously developed concept of the "substitute single- 
stringer panel" is simplified by an empirical expression for the -width of 
the substitute panel which el imin ates the need for successive approxima- 
tions. For simple types of single— str in ger panels, a theory not dependent 
on the assumption of infinite transverse stiffness is developed that can 
be used to estimate the effect of transverse stiffness on the stresses in 
practical panels. Strain measurements on five panels indicate that the 
theory should be adequate for design purposes end that the effect of 
transverse stiffness may be appreciable. 


INTRODUCTION 


Tne problem of introducing concentrated forces at one end of a 
longitudinally stiffened panel is a fundamental one in the shear— lag 
theory and has been treated by a number of authors. The solutions 
obtained by standard methods of analysis are quite cumbersome even for 
panels of constant cross section, and most of them are not applicable 
to the practical case of panels with arbitrarily variable cross section. 
Moreover, almost all these solutions are based on the assumption of 
infinite transverse stiffness of the panel; this assumption leads to 
the result that the maximum shear stress is infinite when there are no 
discrete stringers attached to the sheet, a result which is so much in 
error as to be useless to the stress analyst. For a finite number of 
stringers, the error becomes finite but is st ill appreciable in the usual 
r ang e of stringer numbers. 

In an effort to provide a practical method of shear— lag analysis, 
an approximate "substitute single— stringer method" was presented in 
reference 1. Although this method is also based on the assumption of 
infinite transverse stiffness, it does not give infinite shear stresses 
as the mathematically more rigorous methods do; in fact, the agreement 
between this theory and early tests was found to be fairly good (refer- 
ence 2). Further study of the problem indicated, however, that some 
investigation of the influence of finite transverse stiffness was 
desirable. The results of this investigation are presented in this 
paper . 
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Eeference 1 describes a successive-approximation method for locating 
the substitute single stringer. In view of the approximate nature of the 
method, however, successive approximations appear to he an unwarranted 
complication. A "one-step” method is therefore developed to locate the 
substitute str ing er. Although this subject is theoretica l by not directly 
related to that of finite transverse stiffness, it. was found necessary to 
investigate the two subjects simultaneously, because the formulas 
developed rest partly an an empirical basis, and in tests the two problems 
cannot be separated entirely. 

The reference material, particularly that of a theoretical nature, is 
scattered among a number of papers. In order to el imina te the necessity 
that the reader refer to al 1 these papers, the present investigation 
incorporates a general discussion of the approximate method and of the 
relevant features of the rigorous methods. 


SYMBOLS 


A area, square inches 

E Young* s modulus, pounds per square inch 

G shear modulus, pounds per square inch 



T7- 2 _ Gt 
EhA^ 


P external load on half panel, pounds 


b half -width of single— stringer panel, inches 


bg transverse distance from centroid of flange to common centroid 

of stringers in half— panel 


bg transverse distance from flange to substitute single stringer 



n number of stringers in half panel 

t sheet thickness, inches (without subscript denotes shear carrying 

sheet) 


x 


distance from tip of panel, inches 
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a direct stress, pounds per square inch 

r shear stress, pounds per square inch 

Subscripts: 

F flange 

L longitudinal or stringer 

B chordwise rib 

S denotes substitute panel 

T total 

0 denotes station at tip (x = 0) 

C denotes centroid of stringer material 


METHODS AND ANALYSES 


Theory of 'single-stringer panel of infinite transverse stiffness .— 

The single-stringer panel as visualized in the simplified shean-lag 
theory consists of two flanges F (fig. 1(a)), a stringer L, a connecting 
sheet capable of developing only shear stresses, and a system of transverse 
ribs. The ribs are assumed to be infinitely closely Bpaced; if they are 
also assumed to have infinite axial stiffness, they do not enter into the 
theory explicitly and will therefore not be shown in the figures. Through- 
out this paper, symmetry about the longitudinal axis is assumed to exist 
so that the analysis can be confined to the ha lf - -panel. 

For a panel of constant cross section, the equations of equilibrium 
of the elements (fig. 1(b)) yield the relations 

-Aj> dOj> = rt dx = Aj, do^ (l) 

If the transverse stiffness is infinite, the incremental shear stress 
caused by the difference between ojt and c-^ is 

dT = - ^ (op - ox,) dx (2) 

Differentiation of expression ( 2 ) and substitution into it of. the values 
for doj and do^ from equation (l) gives the differential equation 


( 3 ) 
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k 


■where 



For the present purpose, attention may he confined to Infinitely long 
panels. The solution of equation ( 3 ) is then 


r 


_ EE e —£x 
~ t Arp 


( 5 ) 


A simple solution may also he obtained for a panel in -which the flange is 
tapered so as to maintain constant flange stress (fig. 2(a)). The 
equilibrium equations are then (fig. 2(h)) 


-<jy cLAy = rt dx = Ay do^ 


( 6 ) 


Belation (2) still applies and the differential 
takes again the form of equation ( 3 ) with Kj. 2 


equation for this case 
substituted for 


where 


% 


* 


EbAjj 


(7) 


The solution is 


T ' = e^t x 


tA T 


(8) 


: 0 


where Ay Q denotes the cross-sectional area of the flange at the tip. 


The cross-sectional area Ay necessary to maintain Oy constant, 

obtained by substituting equation (8) into equation (6) and integrating, 
is 


% - % 0 “ a l ( 1 — e- ^' fc:x: ) 


( 9 ) 


If Act < 


y Q < A^, a constant -value of Oy cannot be obtained. 


Rigorous theory of the multistringer panel of infinite transverse 
stiffness .— For an idealized -panel similar to that shown in figure 1(a) 
but hav ing several stringers, relations corresponding to equations (l) 
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and (2) can "be written for each "bay. For a panel such as that shown in 
figure 3 (two stringers in the half-panel), the result is a set of two 
simultaneous differential equations 


d^fj 

dx 2 


- 


+ r ^22 2 





> 


d^T2 

dx^ 


m ^ *4* T -] Fp p — 0 


( 10 ) 


where the coefficients K are similar in form to the coefficient K 
given in equation (4) except that they involve the width of the individual 
sheet hay and the areas of the adjacent stringers. The solution may he 
written in the form 

= Cpe""^! 2 - + 


t 2 - Cge -2 !* + 


The constants can he determined hy standard methods without difficulty, 
hut the rather cumbersome formulas are not of sufficient interest to he 
given herein. An equivalent solution may he found in reference 3 in 
slightly different form (the differential equations are written for the 
str in ger forces instead of the shear stresses). 

For panels with more stringers (say 3 to 10 in the half— panel), 
the standard methods for dete rmining the constants become very cumbersome, 
and mathematical refinements are desirable. A large amo unt of work on 
this subject has been done, chiefly in England. Keference 4 is 
representative of the results obtained and was used as basis for the 
comparative calculations to he shown subsequently herein. The stresses 
are obtained by summing a number of terms of an infinite series after 
the coefficients for these series have been obta ine d by solving a 
transcendental equation for each coefficient; the computations are quite 
lengthy, particularly for points near the tip of the panel where the 
convergence is slow. 

When the number of stringers becomes very large, the most convenient 
method of approach is to assume that the stringers are spread out into 




C k e-^ 


(II) 
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a "stringer sheet" of unif orm thickness; the set of simultaneous ordinary 
differential equations is then replaced by a partial differential equation. 
This problem was solved by investigators in several countries during 
the war years, with results which are either strictly equivalent or else 
differ only in minor details. The solution given. in reference 5 is 
used in the present paper because the reference is readily available and 
contains more numerically computed cases than the others. The stringer- 
sheet solution may be used as an approximation for panels with a finite 
number of stringers. The stress in a given stringer is taken as equal 
to the stress in the corresponding fiber (or "elemental stringer") of the 
stringer sheet; the shear stress in a sheet bay between two stringers may 
be similarly t aken as the shear stress in the stringer sheet along a line 
corresponding to the middle of the sheet bay. In regions where the 
shear stress .changes rapidly in the chordwise direction, somewhat better 
results are obtained by integrat ing the shear stress in the stringer 
sheet between two lines corresp onding to the stringers bounding the 
sheet bay in question. Graphs and formulas based on these methods are 
given in reference 6, and comparisons made by British investigators show 
that there is fairly close agreement with the results obtained by 
solving sets of simultaneous dif ferential equations like equations (10) 
when the number of stringers in the half-panel is as low as five. 

Very few attempts have been made to extend any of these mathematical 
methods to panels with variable cross section, and the computational 
labor involved is too large to consider them as practical methods for 
general use. 

The substitute single— stringer method of analyzing multlstringer 
panels .— In practice, the flanges of mult i stringer panels are strongly 
tapered in order to reduce the weight. Because the more rigorous 
methods of analyzing multistringer panels discussed in the preceding 
section cannot deal with panels of arbitrarily variable section without 
excessive labor, if at all, a simplified method was developed and presented 
in reference 1. The basic idea in this method is that the designer need 
not know all the details of the stress distribution in the panel. He 
needs to know pr imar ily two items: the maximum shear stress, because it 

determines the sheet thickness required, and the shear flow along the 
flange, because it dete rmin es the rivet design; in addition, he must be 
able to compute the flange stress in order to insure that the flange is 
not tapered too rapidly. This information can be obtained with a fair 
degree of accuracy by analy z ing a simplified "substitute panel" that is 
identical with the actual panel except that al 1 the stringers contained 
in the half -width are combined into a single stringer. The chordwise 
location of this substitute stringer had to be established by theoretical 
or experimental data. 

The procedure given in reference 1 was as follows. In first approxi- 
mation, the substitute stringer is located at the common centroid of the 
stringers which it replaces. The analysis of the "substitute s ing le— 
stringer panel" gives a first approximation for the chordwise average 
of the stringer stresses at al 1 stations along the span. The chordwise 
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distribution of these stresses is then confuted by use of an assumed 
simple law of distribution. The chordwise location of the centroid of 
the str ing er forces is next calculated and used as second approximation 
for the location of the substitute stringer, and the process is repeated, 
if necessary, until the changes become negligible. 

Test results showed reasonable agreement with those calculated by 
the foregoing procedure; however, because of the approximate nature of 
the method, the use of successive approximations appears somewhat 
unjustified. A procedure will therefore be developed later in thiB 
paper for establishing the location of the substitute stringer directly. 

The substitute single-stringer panel with arbitrary variation of 
cross section along the span can be analyzed by means of the recurrence 
formula given in reference 7* One item should be noted that is not 
covered in this reference. The elementary solution is defined as that 
giving the normal stresses 


°F = 


°L = 


\ + A L 


_JP 

Aip 


( 11 ) 


How, if Aj, or A^ (or both) vary along the span, the "elementary 
flange force" (the flange force given by the elementary theory) 



EAj, 

Arp 


and the (total) "elementary stringer force" 



will also vary along the span. For static equilibrium, this variation 
calls for "elementary shear flows" 



These elementary shear flows must be added to those arising from the 
X— forces of the shear— lag analysis made according to reference 7- 

/ 

When the area Aj, (or Aj,) varies along the span by steps, 

formula (12) would give an infinite shear flow that acts, however, only 
over an infinitesimally smal 1 distance along the span; the elementary 
shear force is therefore mathematical 1 y indeterminate. Physical 
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consideration of the problem suggests that the step— curve of area varia- 
tion should he replaced by a continuous curve for the purpose of evaluating 
formula (12). If the steps are close together, or small, a fair curve 
may he drawn to represent the "effective” variation of area. If the 
steps are not close together and are large, the "effective" curve will 
undoubtedly not he fair (though continuous) hut there is neither theory 
nor experimental evidence available at present to serve as a guide in 
estimating this curve. It will he advisable, therefore, to avoid this 
uncertainty by avoi ding a large step close to the tip of the panel, 
where the shear stress Is a maximum. The elementary shear flow in a 
panel with constant— stress flange and a ratio Ag /Aj, equal to unity 
constitutes 25 percent of the total shear flow; the problem of estimating 


the effective value of 
importance. 


at the tip is therefore of same 


The maximum shear stress probably always occurs in the sheet bay- 
adjacent to the flange; consequently, for design purposes, there is no 
apparent need for finding the chordwise distribution of the shear 
stresses. The maxi -mum stringer stress may be either the uniform stress 
existing at a large distance from the tip of the panel or a local peak 
close to the tip in the first stringer. If this local peat should be 
of design interest, the stringer stresses in the tip region can be 
estimated by the procedure for chordwise distribution given in reference 1. 


Theory of single-stringer panel with finite transverse stiffness .— 
The substitute single— stringer method of analyzing multistringer panels, 
based on the theory of the single-stringer panel of infinite transverse 
stiffness, has been applied quite successfully to a number of test 
panels (references 1, 2, and other data). This fact suggested that the 
substitute single— stringer method might also be used to develop an 
approximate theory for panels with finite transverse stiffness. 

The panel is again visualized as in figure l(a). The axial stiffness 
of the ribs is now assumed to be finite; Because the ribs are assumed 
to be infinitely closely spaced, they may be considered as forming a 
rib sheet; the thickness tg of this sheet defines the extensional 

stiffness of the ribs. (The rib sheet has, of course, zero longitudinal 
and shear stiffness). At the tip, a special rib of cross-sectional 
area Ag is assumed to exist (fig. Ma), where the ribs are shown a 
finite distance apart for practical reasons). 

A rib away from the tip is loaded by the difference in the shear 
flows to either side of it (fig. Me)); these differences are small, and 
practical 1 y vanish at some distance from the tip. The tip rib, however, 
is loaded by the full shear flow exist in g at the tip (fig. Mb)) and 
is, therefore, relatively heavily strained. The effect of finite 
transverse stiffness may consequently be expected to be chiefly a tip 
effect, and a theory developed for long panels should be adequate for 
most practical needs. 
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The shear stress t may he considered as made up of two parts 

r = t* + t** (13) 

where the part t* is due to the longitudinal strains (flange and 
stringer strains) and the part t** is due to the transverse strains 
(rib strains). The equilibrium, equations (l) written for the panel 
with infinite transverse stiffness remain unc hang ed, but equation ( 2 ) 
must be changed to read 


dr 1 G- 

dx Eb 


(°f ~ °i) 




As mentioned before , any elemental rib is loaded by the difference 
between the shear flows to either side of it (fig. 4(c)). Since the 
shear flows are constant between the flange and the stringer, the rib 
stress increases linearly from zero at the flange to a Tna.-x-lnnrm at the 
stringer. For convenience ^ let cfg designate the average stress in a 
rib; the rib stress at the stringer is then 2cfp. The equilibrium 
equation for a rib then yields the expression 



dT 

dx 


(15) 


The total extension of a rib is therefore 


6 B = 



2®^ ^ 


The derivative of this extension defines a shear strain a 1 nng the 
flange (fig. 4(d)) 


(16) 


7 = 


d5 B 

dx 


The shear strain decreases linearly along the rib to zero at the str ing er. 
The theory of the single— stringer panel used herein, however, requires 
the assumption that the shear stress is constant along the rib; the 
average value (l/2) of the shear strain is therefore used to calculate 
the part of the shear stress caused by transverse strains as 

T t * _ _ 1 Q. ^ = d2 T 

2 dx 4Etg £^2 


( 17 ) 
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Differentiating twice, and letting 

Gb^t 

i»-Et E 


yields 


o 1 l 

dr* 1 dr 

dx 2 dx^ 

Differentiation of expression (l4) gives 


(18) 


(19) 


d 2 r* 
dx 2 


Q. /iPp 

Eb \dx 



which can be transformed with the aid of the equilibrium equations (l) 
into 


5hl = K2 T 

dx 2 


(20) 


where K has the same meaning as given before in formula (4). If 
equations ( 19 ) and ( 20 ) are added and the defining expression ( 13 ) is 
introduced, a slight rearrangement of terms gives the differential 
equation 


^L_l ^L + ^ t = 0 

a dx 2 a 


( 21 ) 


This equation reduces to equation ( 3 ) for the panel with infinite transverse 
stiffness if it is multiplied through by a and tg is then increased 
indefinitely. 

The solution of the differential equation for the infinitely long 
panel is 


„ -K-, x _ -KqX 

t = C-j_e + C 2 © ^ 


( 22 ) 


where the constants E are defined by 

% 2 = SH i 1 + A - te2a ) 


(23) 
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^ - k ( x - f 7 *) 


( 24 ) 


Because K 2 a is often small, the computation of Kg may give trouble 

■when the slide rule is used; the difficulty may he avoided hy using the 
approximation 


K 2 



(25) 


The constants C-^ and C 2 are deter mine d from, the bo undar y 
conditions. One condition is, at x = 0, 



and 


°L = 0 

The other condition is that the strain in the tip rib must be equal to 
the strain in the adjacent edge of the rib sheet, or the strain in the 
adjacent elemental rib. The strain in the tip rib (fig. Mb)) is 
given by the expression 


s T ° w 
Ho E SA^E 

and the strain in the adjacent elemental rib is obtained by modifying 
expression ( 16 ) as 


s 


_ bt 

*0 ~ 2Etg 



With these boundary conditions, and with the auxiliary parameters 


0 = 


Cg 

EbAji 


(26) 


7 = 


% + K 2 A R 

tR + 


J 
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the constants are found to "be 


c 2 - - 


^(1 - 7 ) - - 2^3) 


(27) 


C 1 = ~^°2 


(28) 


For an infinitely stiff tip rib (Ap — *a>), the expressions simplify to 

(29) 


Kq 

y = 


E. 


°2 = 


p 


K^j/l - kK 2 a 


(30) 


^1 ~ ~^2 

When there is no tip rib (Ap = 0), 


(31) 


7=1 


C 


1 


= -C 


2 


and c ons equently = 0, as it must he because no shear stress can 
exist along a free edge. 

Inspection of the derivation Bhows that the formulas are applicable 
to a panel with a constant— stress flange if Ay is understood to be A]?q 
in the expression for p and K is replaced by Kt. If the sheet 
carries discrete transverse stiffeners of area A^. and pitch d, the 
thickness of the rib sheet lies between the limits 


t + 


-kfer = . > A tr 

— >'*8 -TT 


(32) 


The upper limit applies when the sheet is not buckled, the lower limit 
when the sheet is fully buckled. For a buckled sheet, the value of G 
must also be reduced. Because the effect of finite transverse stiffness 
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is localized near tie tip, transverse stiffeners should probably be 
disregarded unless their pitch d is less than l/Kj_. 

Location of substitute stringer established by comparison with 
’’rigorous” methods .— The location of the substitute single stringer may 
be defined by the expression ■ 


= (33) 

■where f is a factor less than unity'. In an attempt to establish this 
factor on a theoretical basis, comparative calculations were made for a 
number of multistringer panels as follows. Three types of panels were 
selected, each type having two, sir, or infini tely many stringers in 
the half -width . For each type, panels of two proportions were selected, 
one panel in which the flange area Ajt was a fraction of the total 

stringer area A^ and one panel in which Aj. was a multiple of A^. 

The ratios A^/A-^ chosen were not the same for al 1 typeB of panels 

because available results were used whenever possible. For each of the 
six panels thus selected, the shear stress along the edge was computed 
by a "rigorous" method (infinite transverse stiffness being assumed) 
and again by the substitute single— stringer method for three assumed 
values of the factor f . The shear stress was chosen as. a basis of com- 
parison in preference to the flange stress because it 1 b a more sensitive 
criterion. (The flange stress is known from elementary statics at 
both ends of the panel; consequently, no theory can err very much on the 
flange stress . ) 

For the two-stringer panel, equations (10) were set up nnrl solved; 
for the six— stringer panel, the method of reference 4 was used, and, 
for the stringer sheet, the method of reference 5 . 

The results are shown in figure 5 . For the two-stringer panel 
with a sm all flange (fig. 5 (a)), f = 0.7 gives a very close approxima- 
tion (within a fraction of a percent); with the large flange (fig. 5 (b)), 
the error is about 4 percent, the substitute single— stringer method 
giving the higher shear stress. For the six— stringer panel with a 
s mall flange (fig. 5 (c)), f = 0.5 gives the best approximation, and the 
inspection of the curves indicates that the agre ement could be improved 
by use of a smaller value - of f . For the six— stringer panel with a 
large flange (fig. 5 (<i))j f = 0.5 gives the best approximation for the 
maximum shear stress, although not the best one for the stress at some 
distance away from the tip. 

For the stringer Bheet, the rigorous theory gives an infinite shear 
stress at the tip. By the substitute single— stringer .method, this value 
cannot be obtained if a reasonable approximation to the rigorous shear 
stresses at finite distances away from the tip is also to be obta ine d - 
The single-str in ger method in which a finite value of the factor f is 
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used is capable only of approximating the rigorous shear stresses oyer a 
certain region away from the tip (figs. 5(e) aM 5(f)) and, yields then 
finite values of maxi -mi rm shear stress. If the infinite shear stress of 
the rigorous theory were to be obta in ed by the single— stringer theory, 
it would be necessary to make the factor f equal to zero. 

The results may be . summarized as follows : In order to achieve the 

best possible agreement between the maximum shear stress calculated by 
the substitute single-stringer theory and that calculated by the rigorous 
theories based on the assumption of infinite transverse stiffness, the 
factor f should be taken as about 0.7 for two— stringer panels and 
should be progressively decreased to zero as the number of stringers 
goes to infinity. 

Tne preceding comparisons are essentially of academic rather than 
practical interest. Actual panels have only finite transverse stiffness, 
and the factor f would therefore be determined best by comparisons 
with rigorous theories based on the assumption of finite transverse 
stiffness which would eliminate the difficulty of dealing with the 
infinite shear stresses encountered in the limiting case of infinitely 
many stringers. Unfortunately, the only theories available (references 8 
and 9) require laborious calculations, and experimental checks would 
still be desirable because simplifying assumptions are made even in 
these theories. For these reasons, further work on the theoretical 
determination of the factor f was abandoned in favor of a direct 
empirical determination. 

Empirical location of substitute stringers and, verification of 
theory for finite transverse stiffness .— For the empirical determination 
of the factor f, shear strain measurements alongside the flanges of 
three panels of constant section and two panels of variable section 
were used. The constant- section panels are shown in figure 6. Panel A 
had been tested previously (reference 2). Panel B was built to the 
same nominal dimensions as panel A, except that the heavy tip rib was 
replaced by a very light rib. The rigorous theory based on the assump- 
tion of Infinite transverse stiffness indicates that the number of 
stringers in these panels is sufficient to be considered as "large," 
in the sense that the stress distribution does not differ appreciably 
from that in a panel with an infinite number of stringers, the main 
difference being the finite value of the peak shear stress. However, 
panel C was built in order to obtain a direct check for this limiting 
case. The shear stresses in the sheet were measured with Tuckerman 
optical strain gages placed as close to the flanges as the gage length 
of 2 inches would permit. 

Tests were also available on two panels with tapered flanges and 
a small number of stringers (fig. 7). These panels differed mainly in 
that panel D had flanges machined from one piece, while" the flanges of 
panel E were built up. 
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Preliminary calculations for the constant— section test panels were 
made as follows. Three "values of the factor f (the same three that 
were used "for the comparisons in figure 5) were chosen. For the resulting 
substitute single— stringer panels , the shear stresses were calculated 
on the assumption of infinite as well as finite transverse stiffness with 
the theory developed herein. 


Preliminary calculations for the tapered— flange panels D and E were 
slightly more involved. The first step was the calculation of shear stresses 
based on the assumption of infinite transverse stiffness "by means of the 
recurrence formula and expression (12). A "reference panel" was then 
introduced that was similar to the actual one except that, starting just 
beyond the tip, taper was incorporated into the flange in such a manner as 
to give constant flange stress. For this reference panel, shear stresses 
were calculated on the assumption of infinite transverse stiffness and 
stresses r 2 on the assumption of finite stiffness. The ratio t^/t^ was 

then used to correct the shear stresses calculated in the first step. 

This method was justified by the facts that the flanges had roughly constant 
stress and that the correction factors did not differ greatly from unity. 

Inspection of figures 8(a), 8(b), and 8(c) shows that even though 
the factor f is varied over quite a wide range (from 0.5 to 0.9), the 
curves contract into a rather narrow band at some distance from the tip j 
they fan out only in the tip region. The choice of the factor must 
' therefore be based chiefly on comparisons between experimental and 
calculated stresses in the tip regions, a procedure which is also desirable 
because the largest stresses exist in the tip region. Some consideration 
should be given, of course, to the stresses in the remainder of the 
panels. 

The prel imin ary comparisons showed that a factor f = 0.7 gave 
fair results for all five panels, although three different stringer 
numbers were represented (n = 7 for panels A and B, n = <=° for 
panel C, n = 3 for panels D and E). On the other hand, the com- 
parisons with rigorous theories shown in figure 5 indicated that the 
factor should increase with decreasing stringer n umb er, and for a (h alf ) 
panel with a single stringer, the factor should logically be eq ual to 
unity, because the substitute panel should be identical with the actual 
one in this limiting case. (The "actual." panel referred to is, of 
course, an idealized one in which the sheet carries only shear. ) Closer 
comparisons between the curves for f = 0.7 and the experimental results 
indicated that the agreement could be improved somewhat by mak-t-ng f 
variable in agreement with these considerations. The test data are 
inadequate to establish f as a function of n with a high degree of 
accuracy, particularly when n is very sma ll (n = 3 or 2). Fortunately, 
the calculations Indicate that the results are not sensitive to changes 
in f , and panels with very few stringers are of little practical 
interest. As a tentative solution, the expression 


f 


O.65 + 


0.35 


(34) 


n 
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■was chosen after consideration was given to such differences as existed 
between the test results' and the preliminary curves based an f = O.J. 

/Same Judgment should be used when the ratio of stringer area to normal— 
stress-bearing sheet area is very much less than in the test panels. If 
a very small stringer were attached at the center line of panel C, the 
stress obviously would change very little, and n should be taken as 
infinity rather than unity in expression (3*0. ) 

i 

Figures 8 and 9 show that the solid— line curves calculated with 
expression (3*0 agree quite well not only with the measured peak stresses, 
but in general also with the measured stresses along the entire length of 
the curves. The highest measured stress in panel A (second test point 
from tip) is about 4 to 6 percent higher than the calculated stress, but 
comparison with the first point Indicates the probability of a local 
irregularity or a test error. Of particular interest is the close agree- 
ment between measured and calculated stresses in panel B with the very 
light tip rib. The difference between the curves calculated for this 
panel on the assumption of either infinite or f in ite transverse stiffness 
is very marked and indicates that a shear-lag theory satisfactory over 
the entire range of design, proportions cannot be obtained if the transverse 
stiffness is assumed to be infinite. Panel B has a lighter tip rib than 
is likely to be encountered in practice; however, even on panels A and C, 
which have tip ribs considerably heavier than likely to be found in 
practice, the effect of finite transverse stiffness on the peak shear 
stress is appreciable (of the order of 20 percent). 

Figure 8(d) shows the flange stresses in panel C. There is a 
surprisingly large variation of stress over the width of the flange, 
which is only 1 inch wide; the variation disappears at a distance from 
the tip equal to about 6 times the flange width. 

On panels D and E, the calculated effect of finite transverse 
stiffness on the peak shear stresses was fairly small (figs. 9(a) and 9(b)), 
and the calculated stresses exceed the measured stresses nearest the 
panel tips by ^ percent and 10 percent, respectively. The discrepancies 
can probably be attributed largely to a simplifying assumption Implied 
in the theory. The transverse ribs have a f i nite bending stiffness within 
the plane of the panel; they are therefore capable of transferring some 
load from the flange to the stringers, and they restrain the shear 
deformation at the comers of the panels. This rib effect is neglected 
by the present theory; it was more important in panels . D and E than in 
the other panels because the ribs were stiffer by virtue of smaller 
length, greater section, or both. 

In the calculations shown for panels D and E, the transverse ribs 
(other than the tip rib) were disregarded. Calculations were also made 
on the assumption that the material in these ribs was uniformly distributed 
spanwise to equal distances on either side from the actua l location of 
each rib, with the result that the value of tg (thickness of "rib- 
sheet") was greatly increased. On the other hand, the value of A^ was 
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decreased "because a part of the material in the actual tip rih was 
assumed to "be spread out to form the rih sheet in the outboard half of 
the tip hay. (This procedure appears to he the most logical one and 
was also suggested in reference 9). The increase in tg and the 

decrease in A-^ counteracted each other, and the stresses calculated 

in this manner were practically identical with those shown in figures 9(a) 
and 9(h). In general, such close agreement between the two methods -of 
calculation cannot he expected. Because the first transverse rih lies 
at a station where the shear transfer is largely completed, the first 
method of calculation (the ribs "being entirely disregarded) is probably 
more appropriate. If the pitch of the ribs were, say, 5 inches or leBB 
rather than 21 inches, the second method would seem more appropriate. 

Figures 9(c) and 9(i) show the flange stresses in panels D and E. 

The measured stresses shown are those on the top surfaces; the "feather 
edge" of each strap carries only a low stress because the first rivet is 
not stiff enough to transmit the full load to the strap. Investigation 
of this "shear— lag effect" within the pack cn other panels has shown that 
the average stress in the pack agrees well with the calculated stress; 
the deficiency of stress in the outermost straps is compensated by an 
excess in the Innermost straps which has been found to be as high as 
30 percent in packs of somewhat similar proportions. 


CONCLUSIONS 


The method of calculating shear-lag effects in axially loaded panels 
by means of the previously developed concept of the substitute single- 
stringer panel is improved in two respects: 

(a) The width of the substitute panel is calculated by an empirical 
formula which eliminates the successive approximation procedure used 
previously. 

(b) A method for taking into account finite transverse stiffness 
is introduced. 

Test results on three panels of constant section having a "large" 
number of stringers agreed within 4 percent with the calculations. On 
two panels with tapered flanges having only 3 stringers in the half— panel, 
the calculated peak shear stresses exceeded the measured values by 
4 percent and 10 percent, respectively. 


Langley Aeronautical Laboratory 

National Advisory Committee for Aeronautics 
Langley Field, Va • , August l6, 1948 
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Figure 3. - Two-strlnger portel. Figure 4.- Panel with finite transverse, stiffness. 
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"Rigorous 1 solution 

Substitute - single - stringer 

— t Substitute - single - stringer 

Substitute - single - stringer 


solution, bs = 05 bf. 
solution, b s = .7 b c 
solution, bg * .9b c - 



Figure 5." Comparisons between solutions obtained by rigorous methods (on assumption of infinite 
transverse stiffness) and substitute- single-stringer method. 





Panel A , Panel B r Panel C ' r 
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Figure 6.- Test panels of constant section. Material is 24S-T aluminum alloy unless otherwise noted. H 
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Finite Q5 tt 

Finite As noted 

Infinite As noted 
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(a) Shear stresses in panel A. P-1.95 kips. (b) SKear stresses in panel B. P°l.95 kips. 



Distance from lip, la Distance from lip, la 

(c) Shear stresses In panel C. P- 2.0 kips. (d) Flange stresses In panel C, P- 2.0 kips. 


Figure 8.- Experimental and calculated stresses in test panels of constant section. 
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o Experimental stress 

Stress calculated or assumption of infinite transverse stiffness 

Stress calculated on assumption of finite transverse stiffness 




(cl Flange stresses In panel D. P» 7.66 kips. 


Figure 9.- Experimental and calculated stresses 
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(b) Shear stresses In panel E. P« 7.5 kips. 



(d) Range stresses in panel E. P= 7,5 kips. 


test panels with tapered flanges. 
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